Texture and Anisotroy

Part I
Chapter 2. Description of Orientation




Part I: Fundamental of Orientation

» Orientation matrix

» Ideal Orientation

* Euler angles
 Angle/axis of rotation

 Rodrigues vector
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Crystal structure and symmetries

r=a + 2b i 2c

FIGURE 2.1

(a) Centimeter-sized crystals of pure gallium. (From Wikipedia, The Free Encyclopedia,
“Gallium,” http.//en.wikipedia.org/wiki/Image.Gallium1l_640x480.jpg. With permission.);
(b) Construction of a 3-D crystal lattice based on a set of three unit vectors a, b, and c.



Crystal systems

Rhomb-dodecahedron Pentagon-dodecahedron

Scalenohedron

Crystalline materials are separated into 7 crystal different
systems. These crystal systems are most easily identified by the
constraints on the cell parameters.

Cited from: René-Just Hally, 1801, Traité de minéralogie.



7 Crystal systems

0 8 0

Simple Face-centered Body-centered
cubic cubic cubic

Simple Body-centered Hexagonal
: tetragonal tetragonal i
4l
e
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: Simple Base-centered Triclinic
: Rhombohedral Monoclinic monoclinic




14 Bravais lattices

7 crystal systems

4 lattice types
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Example of JCPD card

04-0784
Au

Gold

Gold, syn
Rad.: CukKa1:: 1.54056 Filter: Ni Beta d-sp:
Cut off; Int.: Diffract. I/lcor.:

Ref: Swanson, Tatge, Natl. Bur. Stand. (U.S.), Circ. 539, |, 33
(1953)

Sys.: Cubic ! $.G.: Fm3m (225)

a 40?35 b: c.:: ----------------- I-P:- -------

vy B: e Z 4 mp: 1061.6-1063.2
Ref: Ibid.

Dx: 19.283 Dm: 19.300 SS/IFOM: Fg = 129/(.0078, 9 )

£0t nop: 0.366 £Y: Sign: 2V
Ref: Winchell, Elements of Optical Mineralogy, 17

Color: Yellow metallic

Pattern taken at 26 C. Sample purified at NBS,
Gaithersburg, Maryland, USA and is about 99.997% Au.
CAS #: 7440-57-5. Spectrographic analysis (%): Si 0.001,
Ca 0.001, Ag 0.001(?). Opaque mineral optical data on
specimen from unspecified locality: RR2Re=71.6, Disp.=16,
WVHN100=53-58, Color values=.384, .391, 72.7, Ref.: IMA
Commission on Ore Microscopy QDF. Cu type. Gold
SuperGroup, 1C-disordered Group. PSC: cF4. Optical data
reference: Winchell, Elements of Optical Mineralogy, 17.
Structural reference: Winchell, Elements of Optical
Mineralogy, 17. Mwt: 196.97. Volume[CD]: 67.85.

d(A)
2.355
2.039
1.442
1.230
1.177
1.019
9358
912

8325

Int

100
52
32
36
12

23
22
23

LBAWANWLONN=
NNWONaIND

: |

=

NO=20N=200=

Wavelength= 1.54056

Space group of no. 225



Space Group Letter Symbols

Letter Number of lattice
symbol  Lattice type points per unit cell  Coordinates of lattice points
P P 1 0.0.0
A A-base centered 2 0.0.0:0.%.4%
B B-base centered 2 0.0.0:%4.0. %
C C-base centered 2 0.0.0:4.¥%.0
I Body centered 2 0.0.0:4%4.%. 4
F Face centered (all) 4 0.0.0: 4.11.0:4.0.%5:0. 5. 15
R Primitive 1 0.0.0
(Rhombohedral axes)
Centered 3 0.0,0:2%. 4.4 4.%.% (obverse setting)
(Hexagonal axes) 0.0.0: }4.%.5:%4.}4.% (reverse setting)
H Centered Hexagonal 3 0.0.0:25.%.0:}4.%.0




Symmetry elements in S.G. symbols

Symbol Lattice type Comments
m Mirror plane reflection
a Axial glide plane L [010].[001] Glide vector a/ 2
b Axial glide plane L [001].[100] Glide vector b/ 2
c Axial glide plane | [100].[010] Glide vector e/ 2
1 [110].[110] Glide vector ¢/ 2
1 [100].[010].[110] Glide vector ¢/ 2, hexagonal axes
1M TO].[[ 30].[3?0].[??@] Glide vector ¢/ 2, hexagonal axes
n Diagonal glide plane L [001]:[100]:[010] Glide vector ¥(a+b): K¥(b+c).K(a+c)

Diagonal glide plane L [110]:[011]:[101] Glide vector };(a+b+c):}(a+c)

Diagonal glide plane | [110]:[011]:[101] Glide vector s (—a+b+c): i(a—b+c): }i(a+b-c)
d Diamond glide plane L [001];:[100]: [010] Glide vector M(axb): ¥i(bxc) M(axc)

Diamond glide plane L [110]:[011]:[101] Glide vector Y (a+bxe). Yj(za+b+c):Y(athb+c)

Diamond glide plane 1 [110]:[011]:[101] Glide vector };(—a+b=*c). Yi(xa-b+c).}(axtb—c)

1 None -

| ]
"H
-
(=)

n — fold rotation axis A counter clockwise rotation of 360°/ n

Center of symmetry -———

2=m.3.4.6 i1 — fold rotoinversion axis A counter clockwise rotation of 360°/ n followed by inverstion
2,.3,.3,.4,. n —fold screw axis. n,, A counter clockwise right-handed screw rotation of 360°/ n followed
4,.4,.6,.6,. by translation by (p/m)T




The next three symbols

Symmetry Direction

Crystal System Primary Secondary Tertiary
Triclinic None --- ---
Monoclinic [010] --- ---
Orthorhombic [100] [010] [001]
Tetragonal [001] [100] /[010] [110]
Hexagonal / Trigonal [001] [100]/[010] [120] / [1(-1)0]
Cubic [100] /[010]/[001] [111] [110]




Symmetry of Cubic P-lattice

W Pa/m 3 2/m LONG
e oyl
= (100} (111) (110)
a (O
g Pm 3 m SHORT
a @4 B

b) = T
} Giow B ) B,
P'-l!r"'lm.... P...3...
! 110
{a) (1113 o
Primary Secondary Tertiary

Fig.6.24. a Space group P 4/m 3 2/m . In the other diagrams, only the symmetry elements
corresponding to the symmetry directions {(a}, (1113, {110} are shown.
bPdm..., eP...3..,dP....2/m

I ! 1
(@) (1113 (110}

Adapted from W. Borchardt-Ott, Crystallography. 2" Edition, Springer, Berlin, Germany, 1995, p. 99




Coordinate systems

A £ Normal direction

[001]

, «E/

%
A-a

- .
[100] Y
Transverse
direction

/
4

X Rolling direction

[010]

FIGURE 2.4
Relationship between the specimen coordinate system XYZ (or RD, TD, ND for a rolled prod-

uct) and the crystal coordinate system 100,010,001 where the (cubic) unit cell of one crystal in
the specimen is depicted. The cosines of the angles o, 3;, 7; give the first row of the orientation

matrix (see text). (Courtesy of K. Dicks.)



Crystal and sample coordinates

M A D

T e W

> RD

FIGURE 2.7

Schematic illustration of the relationship between the crystal and specimen axes for the (110)
[001] Goss orientation, that is, the normal to (110) is parallel to the specimen ND, or Z axis and
[001] is parallel to the specimen RD, or X axis.

http://aluminium.matter.org.uk/content/ntml/eng/default.asp?catid=&pageid=1



Orientation descriptions

Orientation matrix - - Misorientation matrix
Miller Euler Angle/axis Euler | Angle/axis
indices angles pair angles pair
| L |
Rodrigues Rodrigues
Vector Vector
v : L) J L | V L
Pole figure| Eulerspace| | Rodrigues Euler space| | Rodrigues Angle/axis
(or inverse) ODF space MODF space space
FIGURE 2.6

Relationship between the orientation matrix and the most commonly used orientation
descriptors.



Stereographic projection

N 001

D and E are spherical
D' and E' are asp >90D > G

stereographic asp > 0 D’—>0



2D Stereographic projection




{100} Pole figure

FIGURE 2.9
Presentation of the {100} poles of a cubic crystal in the stereographic projection. (a) Crystal in

the unit sphere; (b) projection of the {100} poles onto the equator plane; (c) {100} pole figure and
definition of the pole figure angles o and B for the (100) pole.



Indexing sample coordinates

Y ~ . .
1 =C0sH,,a+coséb, ,b+cosb, .C

X
Y =cosé,,a+cosé,,b+cosé,,C
/Z =c0séd,,a+cosb,,b+cosé,,c




Indexing sample coordinates




Orientation Description I:{hkl}<uvw>

Miller index ZA| | (hkl)

notation of [001]
texture component
specifies direction
| to sample axes. _b’ 1010]

C

Y|t
T = hkl X uvw

— —a_ [100]
X || [uvw]



Coordinate Description

. 4 abc: Crystal coordinates
[001] C

XYZ: Sample coordinates
— ~a [100]




Coordinate Transformation 2D

—

Y
—b> A ab: Crystal coordinates
., X,=Ilcos6
a -
Y, =1sin 6

» X 0= cos™ (X, /1)

XY: Sample coordinates



Description of Transformation Matrix




Transformation of AXIS

Old coord. to new coord.

, A 72
old V4
X? y9 Z?
X (911 U1, 913\
NEW v 1 Gy1 Uao Oy
z\Ys1 Y32 Us3)
X,



Transformation Matrix
Py = B+, J, + P,K,

IESabc — paia T pbjb + pckc
P..=TP

abc Xyz

x  P=pld, +p,+ Pk,

pa:ia-P:ia-ixpx+i(,i-jypy+i(,i-kzpZ
pb:jb'P:jb'ixpx"'jb'jypy‘l‘jb'kzpz
p. =K. -P=Kk.-I,p, +Kk.-J,p, +K; K, P,



Orientation Transformation: Sto C

04 ia'ix ia °jy ia 'kz 0,
Oy | = jb ' ix jb ' jy jb ' kz Oy
_Dw_ _kc'ix kc'jy kc'kz__ Dz_
/ N
Crystal coordinate C. =0 C, sample coordinate

\/a\ /911 01, 913\ (X /
b |= Oo1 O Uz || Y

\C/) \UOs1 932 UY33) \ Z)




Orientation Transformation: Cto S

p,=1-P=1_-1,p,+1 -},p, +1, -K,P

W I"w

py:jy.P:jy.iu:)u_l_jy.jvov_l_jy.( 0

W Imw

p,=K,-P=Kk,-1,p, +K, -], p, +K, -k, P,

/ \

C —

1~ AT _
sample coordinate 3 gcs CC - gCSCc Crystal coordinate
\ 0, i i ig-j, ik, | p, /
Oy — Jy'lu Jy'Jv Jy'kw 0,
D, kZ.Iu kz'Jv kz°kw )




Sample vs. Crystal Coordinates
Z 4

ds

ZIND

Y/TD

3 > Y

=r

010)
crystal
@/ @ ‘@; coordinates
g ¢

Sample coordinates (X, Y, Z) are defined as reference

coordinates. .
http://aluminium.matter.org.uk/content/html/eng

X/RD



Rotation (Orientation) matrix

An orientation is defined as “the position of the crystal coordinate
system with respect to the specimen coordinate system™.

CC:g'Cs

angle between crystal axis [100] and X

—

(coso, CosP, €OSY;) (Oy O O
g=|cosa, COsp

COSY, |=| U U2 Ups
L COS QL cos3&cosy3 ) \UYs:t Uz Us3)

angle between crystal axis [010] with Y

angle between crystal axis [001] with X



Definition of an Axis Transformation:

sample

crystal RD D
100 (O O

010 =1 09,; 0,

001 \931 932
/bl t, n A
i = bz , n,
\bs t3 ns)




Determination of matrix from Miller
Indices

(h,k,I) g _ (u,v, w)

JhZ + k2 +12 Ju? +v2 + W2
Sample

AxDb /bl 4 nl\
g; = Crystal b2 t, n,

b 13 N3,




Miller Indices vs. Matrix

[100] direction

[010] direction

[001] direction




Miller Indices vs. Matrix

« The columns represent components of three other unit
VECIOrS: - w/=RD TD ND=(hkl)

11

* Where the Columns are the direction cosines (i.e. hkl or
uvw) for the RD, TD and Normal directions in the crystal
coordinate system.




Orientation of a plane

Nerth

R = (Sin a.cosP)s, + (sin asin B)s, + (cosa)s,

N\

sample coordinates

Reference
direction 32

crystal coordinates
R = %(Xcl +Yc, + Zc,)

Orientation of the basal plane (0001) in a hexagonal crystal. The position of the (0001) pole on
the unit sphere with regard to an external reference frame is described by the two angles a.and
p. However, since the crystal can still rotate about the (0001) pole, for an unequivocal defini-
tion of the orientation of the crystal more information, here the position of the (1010) pole, is
required.



Definition of orientation

sample
/sin o.cos
SN oL SIN

. COSa

3)

3

J

(O
01

\ 913

021
P
O3

O3

Uiz |-

933)

crystal
(X INY
Y/N

(Z/N,

1. determine the pole figure angles o and 3

2. Index the pole

3. determine the orientation matrix g



Inverse pole figure

S, = (SIn v, cos o, )c, + (Sin vy, Sin d;)c, +(cosy;)c,

sample
/sin ycosd)
SN ysin &

(011
02

. COSO )

\931

01,
0.,
O3,

913\

Jps |

933/

crystal
( xs\
Y

S

\Zs}



Non-cubic Crystal Coordinate systems  Cubic

Y ;

A V1 b/()\ fa 0 0YO0)
010 | al={0 a 0|1
/ . / 0) (0 0 a0
> X1
100
g |
° a g C
fa) (a 0 0Y1)

(0} (a 0 0Y0)

0) (0 0 a)o
VAN NY) la) |0 0 a1,



orthorhombic T ransformation matrix

V. = Lv;
3’ a n y
a(a\ (a 0 0)1 b(o\ ‘a 0 OVO\b
0|={0 b 00 b|=(0 b 01
\0) {0 0 cho, o) Lo 0 c)o
C' C

(0} (a 0 0)0
O(=|0 b 0|0

¢/ \0 0 ciAl)




Non-cubic Crystal Coordinate systems

(a)

—al?2
a~/3/2
0

—al?2
a+/3/2
0

—al2
a~/3/2
0

0)
0

(1)
0

C)

Y
(0)
1

0)

hexagonal




iclinic  Transformation of an zone axis

" ,,=2a
i T ,, =bcosy _
l,, = ccosp VC - LVT
|21 =
B U 55 l,, =bsiny
: > . =c(cosa —cosBcosy)/siny
100 Y | |31 _
@ b . =

l,, = {c(1+ 2COS & COS 3COS ¥ —COS” o — COS* 3 — COS” 7/)”2‘/sin y

a bcosy ccosf
L={0 bsiny c(coso—cospcosy)/siny
0 O c(1+ 2.C0S 0.COS 3 COS 'y — COS” oL — COS” B — COS” y)”z ]/ siny



Orientation Description Il: Bunge
Euler angles

A
Rotation 1 (¢,): rotate axes (anticlockwise) w Z
about the (sample) 3 [ND] axis; Z,;.

Rotation 2 (@): rotate axes (anticlockwise)

about the (rotated) 1 axis [100] axis; X.

Rotation 3 (¢,): rotate axes (anticlockwise)
about the (crystal) 3 [001] axis; Z,. u



Orientation Description Il: Bunge
Euler angles

|x

Figure 1 Euler angles used for the description of a crystal orientation. (x;) are the
sample axes; for example: x, =rolling direction, x; = normal direction. (x{) are the

coordinate axes of the crystal system, e.g. the (1 0 0) axes in case of cubic crystal
symmetry.



Rotation Matrix in a 2D plane:

—sin @ cosd

| (cosé’ sinHJ
v/ = v

N.B. Passive Rotation/ Transformation of Axes

X, y = old axes; X’,y’ = new axes



Bunge Euler angles to Matrix,
1st Rotation

(cosd, sing, O0)

g, =|—Sin¢, cos¢, O
. 0 0 1)




Bunge Euler angles to Matrix,
2st Rotation

1 0 0 )
O cos®d sSNd
0 —sin® cosd )




Bunge Euler angles to Matrix,
3st Rotation

(cosd, sing, O)
—sing, cos¢, O
.0 0 1,




Principle of Bunge Euler Angles

> —_ J—
€37 65— Zsample =ND

= =¢”, , [010]
1

[001]

Zcrystal

— A9
YCrystal )

¢,

/

e =Y.  =TD

sample

=™, [100]

crystal

e’ =¢"
e1:}(sample:I{]:)

http://www.youtube.com/watch?v=
IMPBVQJRSWY &feature=related



Bunge Angles vs. Matrix

g:g@2.g®.g@1

(COS M COS ) SIn P COS 1) roseeseensnnns e Do \
5 . . sIn @, sin CI)
. —sIn @y sin @5 oS CD +COS @7 SIn ¢ COS CI) .

f —COS @1 SIn @5 . —sin ¢y sin @, cos ¢, sin @:
. . —Sin ] COS @, COS CD +COS @1 COS @y cos D :

. singsin®  —cosgsin®  cos®



Summary of Orientation Descriptions

[uvw]  (hkD)  ryyw) (hkl)

( t : :\ écosgol COS sin ¢y CoS ¢» \
0_]_ 1 n]_ §—sin(plsin(pzcosd)§ +cos ¢; sin @) cos D : :

a; :Crysta| :)2 t2 n2 = E—COS(Dlsin¢2 —sin @y sin @5 cosgozsin(l)g

:—sin ¢ cos ¢, cos®: +cos @ cos @, cos D

\:)3 t3 n3/ k sin ¢ sin @ —cos ¢ sin O cos D )



Miller indices from Euler angle matrix

Compare the
indices matrix |
with the Euler K =nsin ®cos ¢,
angle matrix. [ =ncos®

u = n'(cos @y cos @, — sin @y sin @, cos D)

h = nsin ®sm @,

V= n’(— COS () SIN (5 — SIN P COS (5 COS CD)

w =n'sin O sin ¢y

n, n’ = factors to make integers



Euler angles from Miller indices

[
: cos O =
Inversion of JP 12+
the previous k
relations: COS P, =" Ji2 + 12
. W I+ i+ 1
SN @, =

Jit + vV +w? B+ K

Caution: 1t 1s more reliable to go from Miller indices to an orientation
matrix, and then calculate the Euler angles. Extra credit: show that the
following surmise is correct. If a plane, 4kl 1s chosen 1n the lower
hemisphere, /<0, show that the Euler angles are incorrect.



Other Euler angle definitions

A confusing aspect of texture analysis Is that there
are multiple definitions of the Euler angles.

Definitions according to Bunge, Roe and Kocks
are In common use.

Components have different values of Euler angles
depending on which definition is used.

The Bunge definition is the most common.

The differences between the definitions are based
on differences In the sense of rotation, and the
choice of rotation axis for the second angle.



3D Euler space

- /

9 @220°
1%460
/ » 90°
0° > 180° 360°
[pl

FIGURE 2.11
Representation of orientations in a three-dimensional orientation space defined by the Euler

angles. Each orientation g corresponds to a point in the Euler space whose coordinates are
given by the three Euler angles ¢,, @, @, describing the orientation (Bunge’s convention).



3D Euler space

)(1'
xg =001
Xai
-Xz
Cc
X4
100
a b

Figure 3 Inverse pole figure representation of a crystal orientation (example for
cubic metals). (a) The three specimen axes are plotted in a (001) standard
projection. (b) The representation of the axis x; depends only on the Euler angles ®
and ¢,, used as polar coordinates. This is also true for non-cubic lattice symmetries.



Sample and crystal symmetries

Size of the Euler Space Necessary to Represent Unequivocally Orientations for
Different Sample and Crystal Symmetries

Sample Symmetry
Crystal None
Symmetry  Orthonormal Monoclinic  (Triclinic)
Laue
Crystal System Class o ¢, ¢ P ¢
Triclinic 1 180°  360°
Monoclinic 2/m 180°  180°
Orthorhombic mmm 90°  180°
Trigonal 3 180°  120°
3m 90°  120° 90° 180° 360°
Tetragonal 4/m 180°  90°
4/mmm  90°  90°
Hexagonal 6/m 180°  60°
6/mmm  90°  60°
Cubic m3 90°  180°

m3m 9Q%  9Q°

“Threefold symmetry due to 120°(111) symmetry.



Symmetry element

0o - -
2 - P
2 R i 5
'
? 5 | 120°(111)
/ /4
= /
arccos (1/V3) Il
Il
M
cos ©,
cos d=
v V1 +cos—7:cp2

FIGURE 2.12

Symmetry elements in the Euler space for cubic crystal symmetry and orthonormal sample

symmetry.



Symmetry element

ooz{/ﬂ/n/{/nm2 zo 0
/ /4 \\ Zone 1
Wil

p+(010) \(110}

1%
tiw,. Zone 2

Zone 1

(101)

N

Zone 3
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Figure 6 Euler diagram consisting of 19 ¢, = constani sections and a ¢, =45
section. The zone 3 representation of various frequently used crystal orientations are
shown (case of cubic crystal symmetry), except in the ¢, = 45" section, where zone 1
and zone 2 representations are also shown,



Code (A) (B) Euler angles
_ P ® P
C (00 1)[1 0 0] (00 DI 0 0] 180 90 0
(00 1]{0 10 180 90 90
o Dlroo 0 90 0
oDoio 0 90 90
(01 {}}[D 01 90 90 00
(100001 90 90 0
CG° (02 1)1 00] (12m001] o0 90 63.43
CG (02 1100 (21000 1] 90 90 26.56
(0 1 1)[1 0 0] (11000 1] 90 90 45
B 0121l 01 n211] 150 5474 45
(101121 30 54,74 45
B 01 D211 (11Tmi12 50 54.74 45
S, (12 3)63 4] (12 3)[6 3 4] 1474 7206  37.69
54 (12 363 4] (213364 32.57 7206 5231
T (441011 11 § (4 3111 11 8] 2721 90 45
T (44 1D[I1 11 8 (431111 11 8 15278 90 45
Cu’ (1121 117] aiapniy 35.26 90 45
Cu (11111] (M12111] 14474 90 45
H (00 1)1 1 0] (00 1110 180 90 45
(00 1110 0 90) 45




Table 2 (contd.)

Code (A) (B) Euler angles
L P @2
K' 001320 monRE3o 180 90 56.31
(01320 0 90 33.69
K (00 D)3 20] 00 i]F 30 0 90 56.31
(00 1)[3 2 0] 180 90 33.69
I' (112)110] (M1dHnio 0 54,74 45
(2ol 120 54.74 45
I (112)110] (Iiyiio 180 5474 45
11011 60 54.74 45
) (11 4)[110] (118110 0 70.53 45
J (114)[110] (1149110 180 70.53 45
T* (MM 814114 (11184311] 6278 9 45
™ (M1 81)[@F 114 usHEds4n 11721 90 45
E' (11 1)1 1 0] (11Infoi 129.2 6590  26.56
E (111110 (111Dp0T1) 50.77 6590  63.43
F (11 10211] (11012 54,74 00 45
F (11121 1) (11 D112 125.26 90 45
L (01 1D011] (10 1)101] 135 o0 0
(01 101 1] 135 90 90
(01101 11 45 90 90
(101101 45 90 0




(307, 36, 26) (233, 105, 56) (121, 143, 333)

(53, 74, 304) (333, 122, 18) (121, 143, 153)




Crystal Symmetry

Fig. 13 Different choices of the crystal coordinate system Kjp according to crystal symmetry.



Table II. Symmetry operators of rotation groups

tetragonal branch

hexagonal branch

cubic branch

10 o (T o [T o] e 0
10 1 0! -0 1 0 0 1 0!l 0o -1 0
00 1 .00 1 0 0 L -1 0 0
10 0 -5 a0 o 0 1} 0o o 1
0 1 0 . -2 -5 0 1 0 0!l 0 -1 0
0 0 -1 0 0 1 0 1 0! 1 0 0
2 . :
1 0 0 © -5 a0 0o 1 o 0o o0 1
0 -1 0 b a -5 0 0 0 1:] © 1 0
0 0 -1 0.0 1! 1 0 0: -1 0 0
b s 3 :
. | 0 0 5 a 0 0 -1 0:f 0o 0 -1
0 -1 0 a5 0 0 0 1l o 1 0
0 0 1 0 0 1 -1 0 0 1 0 0
222 :
0 I 0 1 0 0 0 -1 0: -1 0 0
-1 0 0 0 -1 0 o o -1 0o 0 -1
0 0 1 0 0 1 1 0 0!l 0 -1 0
0o -1 0 5 -a 0 o 1 o0l 1 o o
1 0 0 a 5 0 0 0 -1: o 0 -1
0 0 1 0 0 1 -1 0o o: o 1 0
------------------- 6 N
0 1 0 -5 a0 0 0 1 1 0 0
1 0 0 a5 0 1 0o o0 0 0 1
0 0 1 0 0 -1 0 -1 0 0 -1 0
0 -l 0 1 0 0 o000 -1 -1 0 0
-1 0 0 0 -1 0 i-1 0 0 0 0 1
0 0 1 o 0 1 ) 1 0 0 1 0
42 .
-5 a 0 ) 0 1 0 -1 0
a 5 0 -1 0 0 -1 0 0
0 0 1 0. 1. 0: 0 0 -1
a=v3/2 5 """" a0 -1 0 ol 0 1 o0
»a -5 0: 0 1 0 -1 0 0
S0 0 1 0 0 -1 0 0 -1
P10 0! 1 0 of 0o 1 o0
R I | 0 0 -1 0 1 0 0
| 0 -1 0 0 1 o 0 -1
P55 a0 1 0 ol 0 -1 o
ba -5 0 0 -1 0 1 0 0
S B 0. -1 0 0 -1 0 0 1
622 23
432
The dashed boxes The dashed boxes The dashed box

in this column
comprises the 3-fold axes only.

in this column
make up group 32.

in this column
make up group 4.



Matrix representation of the
rotation point groups for 432

Matrix number 1

[ 10 0]

[ 01 0]

[ 00 1]

Matrix number 2
1 0 0]

[
[ 00-1]
[ 010]

Matrix number 3

| s B e B |
=)
—
o
e

| s B e B |
o O
-
[
e

Matrix number 5
[ 0 0-1]
[ 01 0]
[ 10 0]

Matrix number 6
[ 00 1]
[ 01 0]
[ -1 0 0]

Matrix number 7
[ -1 0 0]
[ 01 0]
[ 0 0-1]

Matrix number 8
[ -1 0 0]
[ 0-1 0]
[ 00 1]

Matrix number 9
[ 0 1. 0]
[ -1 0 0]
[ 00 1]

Matrix number 10
[ 0-1 0]
[ 10 0]
[ 00 1]

Matrix number 11
[ 0-1 0]
[ 00 1]
[ -1 0 0]

Matrix number 12
[ 00 1]
[ -1 0 0]
[ 0-1 0]

Taken from subroutine by D. Raabe

-1 0]

0-
0 0-1]
10 0]

Matrix number
[ 0 0-1]
[ 10 0]
[ 0-1 0]

Matrix number
[ 01 0]
[ 0 0-1]
[ -1 0 0]

Matrix number 13
[
[
[

14

15

16

17

18

Matrix number 19
[ 01 0]
[ 10 0]
[ 0 0-1]

Matrix number 20
[ -1 0 0]

[ 00 1]
[ 01 0]

Matrix number 21
00 1]

-1 0]

0 0]

_—O

[

[

Matrix number 22
-1 0 0]

[
[ 00-1]
[ 0-10]

Matrix number 23
[ 0 0-1]
[ 0-1 0]
[ -1 0 0]

Matrix number 24
[ 0-1 0]
[ -1 0 0]
[ 0 0-1]



24 symmetry matrix for cubic (123)[63-4]

TABLE 2.2

Twenty-Four Equivalent Descriptions for (123)[634]

Rodrigues Euler Rodrigues Euler
Angle/Axis Vector Angles Angle/Axis Vector Angles
Ideal Orientation Orientation Matrix Pair (8/u v w) (R, R, Ry) (¢, @ @,) Ideal Orientation Orientation Matrix Pair (6/u v w) (R, R, Ry (@, @ @,)
(123)[634 | 0.768 —0.582 0.267 48.6°/0.562 0.254 -0.235 307.0° (312)[463] 05120308 -0.802  143.3°/0.854 25771.055  333.0°
0.384 0.753 0.535 -0.520 -0.644  -0.201 36.7° 0.768 —0.582 0.267 0.350 -0.385 ~1.163 122.3°
~0.512 —0.308 0.802 26.6° -0.384-0.753 -0.535 288.4°
(321)[436 | ~0512-0.3080.802  1209°/-0.028  -0.048-1.613 232.9° (231)[348] 0.384 0.753 0.535 106.7°/-0.722 -0.971-0914  232.9°
0.384 0.753 0.535 -0915-0.403  -0.711 105.5° 0.512 0.308 —0.802 ~0.680 0.126 0.169 105.5°
~0.768 0.582 ~0.267 56.3° -0.768 0.582 -0.267 146.3°
(123)[634] ~0.768 0.582 -0.267  155.3°/0.271 1.239 4.263 121.0° (231)[346] -0.384-0.753-0535  113.9°/-0.120 ~01851.004  § 5297
0.384 0.753 0.535 0.933 0.237 1.081 143.3° 0.512 0.308 —0.802 0.712 -0.692 ~1.062 P7450
0.512 0.308 ~0.802 333.4° 0.768 —0.582 0.267
(321)[436] 0.512 0.308 -0.802 74.6°/0.579 0.441 0.620 (312463 -0.512-03080.802  137.1°/0.357 0.907 333.0°
0.384 0.753 0.535 0.814 -0.039 ~0.030 ~0.768 0.582 —0.267 ~0.871 0.338 -2216 0860  122.3°
0.768 ~0.582 0.267 -0.384-0.753 -0.535 108.4°
(132)[643 0.768 -0.582 0.267  122.5°/0.922 1.679 —0.704 (213)[364] 0.384 0.753 0,535 178.6°/-0.832  —67.983 121.0°
—0.512 —-0.308 0.802 -0.386-0.041  -0.075 0.768 0.582 0.267 -0457-0315  -37.363 143.3°
~0.384 —0.753 —0.535 0.512 0.308 —0.802 -25.710 63.4°
(1§§)[6§4] 0.768 —0.582 0.267 153.3°/-0.937 -3.944 1.146 121.0° (132)[643] -0.768 0.582 —0.267 140.4°/0.038 0.107 1.421 153.0°
_0.384 _0.753 _0.535 0.272 _0.220 _0.925 143.3° -0.512 -0.308 0.802 0.511 0.859 2.387 57.7°
0.512 0.308 —0.802 153.4° 0.384 0.753 0.535
(132)[643] 0768 -05820.267  722°/-0816  -05950045  i153.0°;  (321)[436] -0.512-0.3080.802  177.3°/0.493 20.621-14.661
0.512 0.308 —0.802 0.061-0.574  -0.419 i 5770 -0.384-0.753 0535  -0.3510.79% 53.260
0.384 0.753 0.535 161.6° L 0.768 -0.582 0.267
(213)[364] 0.384 0.753 0.535 67.4°/0.022 00150378  301.0° (213)[364] -0.384-0753 0535  143.3°/-0.482 Slas3zed 121.0°
~0.768 0.582 0267  -0.567 0.824 0.550 36.7° ~0.768 0.582 -0.267 0.8760.013 0039 143.3°
—0.512 —0.308 0.802 116.6° o 0.512 0.308 -0.802 243.4
(123)[634] ~0.768 0582 -0267  149.3°/-0.222  -0.807-0872  30L0° (132)[643] -07680582-0.267  1759°/-0339 -9.362-22343  333.0°
~0.384-0.753 -0535  -0.240 0.945 3.440 36.7° 05120308-0.802 -0.8080.451 13.305 122.3°
~0.512 -0.308 0.802 206.6° - ~0.384-0.753 -0.535 198.47
(213)[364] ~0.384 -0.753-0.535  125.6°/0.354 0.688 0.027 301.0° (321)436] 05120308 -0.802 ~ 138.9°/-0.850 —22600068  232.9°
/ o
0.768 ~0.582 0.267 0.014-0935  -1.820 36.7° oA 0703 003 0026057 1407 S
~0.512 -0.308 0.802 206.6° ~0.768 0.582 -0.267 2362
(231)[346] 0.384 0.753 0.535 109.2°/0.732 1.030 0.174 52.9°
~0.512 —0.308 0.802 0.124 0.670 0.942 74.5°
0.768 ~0.582 0.267
(312)[463] -0.512-0.308 0.802  141.2°/-0.388  -1.102-0.948  i153.0° |
0.768 ~0.582 0.267 ~0.334-0.859  -2.442 {5770
0.384 0.753 0.535 71.6%
(231)[346] —0.384 -0.753 -0.535  168.4°/0.548 5.413 5748 239.2°
~0.512 —0.308 0.802 ~0.582-0.600  -5.920 105.5°
—0.768 0.582 -0.267 326.3°
(312)[463] 0.512 0.308 -0.802 71.7°/-0.537  -0.388 0.451 £153.0°
~0.768 0.582 ~0.267 0.625 0.567 0.409 P 5770

0.384 0.757 0.535

25160




How to use a symmetry operator?

O )5 Vs
Goss: {110}<001>: mmp | o Vs V5 :
10 "0
J

\

-1 0 0)o Vs Vs
Pre-multiply by z-diad: | 4 _;1 ¢llo _
S

( \-\O 0 1\
O -)n /|

0 Y5 -)5| which is {-1-10}<001>
| 0 0
J

\



Sample Symmetry

(a) (b)

Fig.15 (a)Possible sample symmetryinarolled sheet. A, B, C are mirror planes. (b) Twofold axisof
the sample symmetry.

0;=9-0;

10

RO




Sample Symmetry

Monoclinic Point Groups

Torsion, shear: 2 S, v
Monoclinic, 2. ; 2
2/m @) Cop
Orthorhombic Point Groups ) ©
222 D, mm2 T Cay .
4 .. Rolling, plane strain

mzh compression, mmm.

. . Otherwise,
\olo/ Axisymmetric: C_ e
triclinic.




Symmetry Relationships

 Note that the result of applying any available operator is
equivalent to (physically indistinguishable in the case of
crystal symmetry) from the starting configuration (not

mathematically equal to!).

« Also, if you apply a sample symmetry operator, the result
IS generally physically different from the starting position.
Why?! Because the sample symmetry is only a statistical
symmetry, not an exact, physical symmetry.

0; =0 *9-9;

NB: if one writes an orientation as an active rotation (as in continuum
mechanics), then the order of application of symmetry operators is
reversed: premultiply by sample, and postmultiply by crystal!



Section Sizes: Crystal - Sample

CubW

0<¢, <90°, 0<Dd <90, 0<p, <90
Cubic-Monoclinic:

0<¢, <180, 0<d <90, 0<p, <90
Cubic-Triclinic:

0<¢, <360, 0<d <90, 0<p, <90
But, these limits do not delineate a
fundamental zone.



Orientation description I1: Angle/axis

Common axis
[uvw] =[001]

(a)
001]/50°
[001] [1-100]/90°

FIGURE 2.13
Diagram showing the angle/axis of rotation between (a) two cubes and (b) two hexagons.



Example of Orientation

(307°, 37°, 27°) (0°, 0°, 0°)

t1o0) | woy | oo GD




Orientation by angle/axis rotation

Common axis - .
[luvw] = [001] = (r;l’ r2’ r3)

A

722 [001]
R(gza-tion Y X2 [100]

RD = angle ® [010]

sample coordinates CC =0 Cs crystal coordinates



(011
0,

\g31

01,
0.,
O3,

Angle/axis of rotation

Ops
J,3

g33/

g,, = 1,2 (1—cos@)+cosé
gy, =II,(1—cosé)—r,sin 6
g, =l (1—cos@)+r,sin 6
g,, =r,r,(1-cos@)+r,sin 6
g,, =r2(1—cos@)+cosé
g, = ,r,(1—cos@)—r,sin 6
gsy = 1,1, (1—cos@)—r,sin 6
gs, = Il (1—cos@)+r,sin 6
g, = r2(1—cosd)+cosd

r/o



Angle/axis of rotation

F/H COSOzTr(gz)_lzgll+g222+g33_1

_ 923~ 93
2sIn 6

[ — U31 — 013

° 2sin®  The rotation is described as a
= 912 — Y21 right-handed screw operation and
2sin0 0 is always positive.
A negative angle is equivalent to

Tr(g): the trace of matrix g changing the sign of r.
g;; (1, j = 1,2,3): the elements of g

i




Angle/axis of misorientation

A misorientation is calculated from the orientations
of grain 1 and grain 2 by

92:M12'91



Misorientation by angle/axis rotation

Common axis »___
[luvw] = [001] = (r;l’ r2’ r3)

A

010]

2 y 7.[001]

. 4(1 /Sb\ﬁ/z/
X / Rotation yxl"%, [100]
[100] ik angle ® [010]

crystal coordinates of g, = M. . . g crystal coordinates
grain 2 2 1291 ofgrainl



Orientation & misorientation

Orientation: Misorientation:
Reference (sample axes) Reference (grain 1)

Grain 1
Grain 2



Example of Misorientation

(136.4°, 50.4°, 176.4°) (271.9°, 101.4°, 110.6°)

600 [11-1]

{11-1

RSy

O‘“‘ ) 7
001} i~ wl-1-1) € )
: qETY = 100}
_GD wo-u G0
(0-10) B
(1o0m s 600 -
E {0-10)




Representation of Orientation

r\i\D
a0 <
_ 7 180° 9
r,=cosysind Y
ol
- . —
I, =sIin ysin 9 = J
y / o1~ - o
r, =coso S A
r i y

RD

=
\
\

—-180°

FIGURE 2.15
Representation of an orientation ¢ given by the angle/axis description parameters rand 8in a
cylindrical orientation space defined by the rotational parameters 4, ¥, and 8.



Rodrigues vector

The Rodrigues vector R combines the angle and axis
of rotation into a mathematical entity.

R=r-tan (gj
2
R =r- tan(gj
R, =r,-tan (gj
R, =1, -tan(gj



Fundamental zone

> N

FIGURE 2.16

The fundamental zone of Rodrigues space for cubic symmetry, showing also the decomposition of

the space into 48 subvolumes. (Adapted from Day, A., PhD Thesis, University of Bristol, U.K., 1994.)



Parameters of Rodrigues space

TABLE 2.4

Parameters of Rodrigues Space According to Crystal System

Distance of

the Main
Face from Subvolume
Crystal System the Origin Description Fraction
Cubic tan 7t /8 Six octagonal faces 1/48
normal to the fourfold
axes; eight triangular
faces normal to the
threefold axes
Hexagonal tan /4 Two dodecagonal 1/12
faces normal to the
sixfold axis; 12
square faces normal
to the diad axes
Trigonal tan /4 Two hexagonal faces 1/6

normal to the
threefold axis; six
square faces normal
to the diad axes
Tetragonal tan /6 Eight triangular faces 1/24
perpendicular to the
threefold axes (i.e., a
regular octahedron)

Orthorhombic tan /4 Six faces normal to 1/8
the diads (i.e., a
square)

Icosahedral tan 7t/10 Twelve pentagonal 1/120

faces normal to the
fivefold symmetry
axes (i.e., a regular
dodecahedron)

Source: Data from Morawiec, A. and Field, D.P,, Philos. Mag., 73A, 1113, 1996.



Properties of Rodrigues space

The axis of rotation gives the direction of the R vector. Rotationa
about the same axis of rotation lie on a straight line that passes through
the origin.

The angle of rotation gives the length of the R vector. Small-angle
boundaries cluster close to the origin.

A fiber texture lies on a straight line that in general doesn’t pass
through the origin.

The edges of zones in Rodrigues space are straight lines, and the faces
of zones are planar.



Append: Symmetry in @1 for cubic
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Append: Symmetry in @1 for cubic

225°




Append: Symmetry in @1 for hexagonal

‘ 3})0 #OO 9({70 120O {500 1Et0° %100 240° 2700 300° 3300 360°
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