
Part I:

Chapter 2. Description of Orientation

Texture and Anisotroy



Part I: Fundamental of Orientation   

• Orientation matrix

• Ideal Orientation

• Euler angles

• Angle/axis of rotation

• Rodrigues vector



Crystal systems

7 crystal 

systems

14 Bravais 

lattices

32 point 

groups

230 space 

groups

Lattice 

types

Lattice 

symmetry

Space translation:

mirror, glide planes

and screw axis



Crystal structure and symmetries



Crystal systems

Cited from: René-Just Haüy, 1801, Traité de minéralogie. 

Crystalline materials are separated into 7 crystal different 

systems. These crystal systems are most easily identified by the 

constraints on the cell parameters. 
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Example of JCPD card

Space group of no. 225



Space Group Letter Symbols



Symmetry elements  in S.G. symbols



The next three symbols



Symmetry of Cubic P-lattice



Coordinate systems



Crystal and sample coordinates

http://aluminium.matter.org.uk/content/html/eng/default.asp?catid=&pageid=1



Orientation descriptions



Stereographic projection

D and E are spherical

D' and E' are 

stereographic

Distance GD' = f(r) 

as r  90 D’  G

as r  0  D’  O



2D Stereographic projection



{100} Pole figure



   2,3,10,, 111  lkhX

Indexing sample coordinates
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X

Y

cbaY YYY 321 coscoscos  

cbaX XXX 321 coscoscos  

cbaZ ZZZ 321 coscoscos  

3.12cos

3.80cos

6.82cos

3
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
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Z

Z

Z







   15,3,2,, 333  lkhZ



Indexing sample coordinates

(100)

(001)

(010)

X

Y

 2,3,10 X

 15,3,2Z



X || [uvw]
a

Y || t

b

Z || (hkl)

c[001]

[010]

[100]

Miller index

notation of

texture component

specifies direction

|| to sample axes.

T = hkl x uvw

Orientation Description I:{hkl}<uvw>



Coordinate Description

How to determine the orientation using matrix?

XYZ: Sample coordinates

abc: Crystal coordinates

X
a

Y

b

Z

c[001]

[010]

[100]



Coordinate Transformation 2D

What is the transformation matrix?

XY: Sample coordinates

ab: Crystal coordinates

X

a

Y

b


)/(cos

sin

cos

0

1

0

0

lx

ly

lx




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Description of Transformation Matrix

P
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b
c

x
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z
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'/ z



x’

y

y’

z
z’

Old coord. to new coord.

















333231

232221

131211

ggg

ggg

ggg

x

old

new

x

y

z

x’ y’ z’

Transformation of Axis



Transformation Matrix

cba kji cbaabc pppP 


zyx kji zyxxyz pppP 


xyzabc TPP 

x

y

z
P

a

b
c

zyxa pppPp zayaxaa kijiiii 

zyxb pppPp zbybxbb kjjjijj 

zyxc pppPp zcycxcc kkjkikk 

zyx kji zyx pppP 



Orientation Transformation: S to C
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Crystal coordinate
sample coordinate

scsc CgC 



Orientation Transformation: C to S

Crystal coordinate
sample coordinate c

T

cs CgCgC
cscs

 1

wvux pppPp wxvxuxx kijiiii 

wvuy pppPp wyvyuyy kjjjijj 
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Sample vs. Crystal Coordinates

(001)

(010)

(100)

X/RD

Y/TD

Z/ND

Sample coordinates (X, Y, Z) are defined as reference 

coordinates.

crystal 

coordinates

a3

a1

a2

X

Y

Z

http://aluminium.matter.org.uk/content/html/eng



Rotation (Orientation) matrix

An orientation is defined as “the position of the crystal coordinate 
system with respect to the specimen coordinate system”.

SC CgC 
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g

angle between crystal axis [100] and X

angle between crystal axis [010] with Y

angle between crystal axis [001] with X



Sample to Crystal
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Definition of an Axis Transformation:
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Determination of matrix from Miller 

Indices



[100] direction

[010] direction

[001] direction 















333231

232221

131211

ggg

ggg

ggg

Miller Indices vs. Matrix 



• The columns represent components of three other unit 
vectors:

• Where the Columns are the direction cosines (i.e. hkl or 
uvw) for the RD, TD and Normal directions in the crystal 
coordinate system.  

[uvw]RD TD ND(hkl)



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
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Miller Indices vs. Matrix



Orientation of a plane

321 )(cos)sin(sin)cos(sin sssR 

 321

1
ZcYcXc

N
R 

sample coordinates

crystal coordinates

s1

s2

s3



Definition of orientation
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1. determine the pole figure angles  and 

2. index the pole 

3. determine the orientation matrix g

sample crystal



Inverse pole figure
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sample crystal



Non-cubic Crystal Coordinate systems
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Transformation matrix
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Non-cubic Crystal Coordinate systems

a’

hexagonal































 


















0

0

1

00

02/30

02/

0

0

c

a

aaa































 
















 

0

1

0

00

02/30

02/

0

2/3

2/

c

a

aa

a

a































 


















1

0

0

00

02/30

02/

0

0

c

a

aa

c

]0112[

]0101[

b’

c’

b



Transformation of an zone axis
triclinic

0

0

sin/)coscos(cos
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0

cos

cos

32

31

23

22

21

13

12

11






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Rotation 1 (f1):  rotate axes (anticlockwise) 

about the (sample) 3 [ND] axis; Z1.

Rotation 2 (F):  rotate axes (anticlockwise) 

about the (rotated) 1 axis [100] axis; X.

Rotation 3 (f2):  rotate axes (anticlockwise) 

about the (crystal) 3 [001] axis; Z2.

Orientation Description II: Bunge 

Euler angles

X u

Y

v

Zw



Orientation Description II: Bunge 

Euler angles



x

y



x’

y’ v

v 
cos sin 

 sin  cos









v

N.B. Passive Rotation/ Transformation of Axes

Rotation Matrix in a 2D plane:

x, y = old axes; x’,y’ = new axes



















ff

ff



100

0cossin

0sincos

11

11

1
g

Bunge Euler angles to Matrix, 

1st Rotation



















FF

FFF
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Bunge Euler angles to Matrix, 

2st Rotation








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
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


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
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2
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Bunge Euler angles to Matrix, 

3st Rotation



e1=Xsample=RD

e2=Ysample=TD

e3=Zsample=ND

e’1

e’2

f1

F

e”2

e”3

e’3=

=e”1

ycrystal=e”’2

f2

xcrystal=e”’1

zcrystal=e”’3=
[010]

[100]

[001]

Principle of Bunge Euler Angles

http://www.youtube.com/watch?v=

ImPBVQJRSwY&feature=related



cos1 cos2

sin1sin2 cosF

sin1 cos2

cos1sin2 cosF
sin2 sin F

cos1sin2

sin1cos2 cosF

sin1sin2

cos1cos2 cosF

cos2 sin F

sin1 sinF cos1sinF cosF



























(hkl)[uvw]

Bunge Angles vs. Matrix

12 F  gggg





















333

222

111

ntb

ntb

ntb
Sample

Crystalaij

cos1 cos2

sin1sin2 cosF

sin1 cos2

cos1sin2 cosF
sin2 sin F

cos1sin2

sin1cos2 cosF

sin1sin2

cos1cos2 cosF

cos2 sin F

sin1 sinF cos1sinF cosF



























[uvw] [uvw] (hkl)(hkl)

Summary of Orientation Descriptions



Compare the 

indices matrix 

with the Euler 

angle matrix.

h  nsin Fsin2

k  nsin Fcos2

l  ncosF

u  n cos1cos2  sin1sin2 cosF 
v  n cos1sin2  sin1 cos2 cosF 

w  n sinF sin1

n, n’ = factors to make integers

Miller indices from Euler angle matrix



Inversion of

the previous

relations:

cosF 
l

h
2
 k

2
 l

2

cos2 
k

h2  k2

sin1 
w

u2  v2 w2

h2  k2  l2

h2  k2

Caution: it is more reliable to go from Miller indices to an orientation 

matrix, and then calculate the Euler angles.  Extra credit: show that the 

following surmise is correct.  If a plane, hkl, is chosen in the lower 

hemisphere, l<0, show that the Euler angles are incorrect.

Euler angles from Miller indices



• A confusing aspect of texture analysis is that there 

are multiple definitions of the Euler angles.  

• Definitions according to Bunge, Roe and Kocks 

are in common use.

• Components have different values of Euler angles

depending on which definition is used.

• The Bunge definition is the most common.

• The differences between the definitions are based 

on differences in the sense of rotation, and the 

choice of rotation axis for the second angle.

Other Euler angle definitions



3D Euler space



3D Euler space



Sample and crystal symmetries



Symmetry element



Symmetry element

Zone 1

Zone 2

Zone 3

Zone 1

Zone 2









(307, 36, 26) (233, 105, 56) (121, 143, 333)

(53, 74, 304) (333, 122, 18) (121, 143, 153)



Crystal Symmetry ggg C

ii 



Crystal Symmetry

-



Matrix representation of the 

rotation point groups for 432
Matrix number  1

[    1  0  0]

[    0  1  0]

[    0  0  1]

Matrix number  2

[    1  0  0]

[    0  0 -1]

[    0  1  0]

Matrix number  3

[    1  0  0]

[    0 -1  0]

[    0  0 -1]

Matrix number  4

[    1  0  0]

[    0  0  1]

[    0 -1  0]

Matrix number  5

[    0  0 -1]

[    0  1  0]

[    1  0  0]

Matrix number  6

[    0  0  1]

[    0  1  0]

[   -1  0  0]

Matrix number  7

[   -1  0  0]

[    0  1  0]

[    0  0 -1]

Matrix number  8

[   -1  0  0]

[    0 -1  0]

[    0  0  1]

Matrix number  13

[    0 -1  0]

[    0  0 -1]

[    1  0  0]

Matrix number  14

[    0  0 -1]

[    1  0  0]

[    0 -1  0]

Matrix number  15

[    0  1  0]

[    0  0 -1]

[   -1  0  0]

Matrix number  16

[    0  0 -1]

[   -1  0  0]

[    0  1  0]

Matrix number  17

[    0  1  0]

[    0  0  1]

[    1  0  0]

Matrix number  18

[    0  0  1]

[    1  0  0]

[    0  1  0]

Matrix number  19

[    0  1  0]

[    1  0  0]

[    0  0 -1]

Matrix number  20

[   -1  0  0]

[    0  0  1]

[    0  1  0]

Matrix number  21

[    0  0  1]

[    0 -1  0]

[    1  0  0]

Matrix number  22

[   -1  0  0]

[    0  0 -1]

[    0 -1  0]

Matrix number  23

[    0  0 -1]

[    0 -1  0]

[   -1  0  0]

Matrix number  24

[    0 -1  0]

[   -1  0  0]

[    0  0 -1]

Matrix number  9

[    0  1.  0]

[   -1  0  0]

[    0  0  1]

Matrix number  10

[    0 -1  0]

[    1  0  0]

[    0  0  1]

Matrix number  11

[    0 -1  0]

[    0  0  1]

[   -1  0  0]

Matrix number  12

[    0  0  1]

[   -1  0  0]

[    0 -1  0]

Taken from subroutine by D. Raabe



24 symmetry matrix for cubic (123)[63-4]



How to use a symmetry operator?

Goss: {110}<001>:

Pre-multiply by z-diad: 

=                                  which is {-1-10}<001>

0 1
2

1
2

0  1
2

1
2

1 0 0



















1 0 0

0 1 0

0 0 1

















0 1
2

1
2

0  1
2

1
2

1 0 0



















0  1
2

 1
2

0 1
2

 1
2

1 0 0





















Sample Symmetry

S

jj ggg 



Sample Symmetry

Torsion, shear:

Monoclinic, 2.

Rolling, plane strain

compression, mmm.

Axisymmetric: C

Otherwise,

triclinic.



Symmetry Relationships

• Note that the result of applying any available operator is 
equivalent to (physically indistinguishable in the case of 
crystal symmetry) from the starting configuration (not 
mathematically equal to!).

• Also, if you apply a sample symmetry operator, the result 
is generally physically different from the starting position.  
Why?!  Because the sample symmetry is only a statistical 
symmetry, not an exact, physical symmetry.

NB: if one writes an orientation as an active rotation (as in continuum 

mechanics), then the order of application of symmetry operators is 

reversed: premultiply by sample, and postmultiply by crystal!

S

j

C

iij gggg 



Section Sizes: Crystal - Sample

• Cubic-Orthorhombic:
0f1 90°, 0F90°, 0f2 90°

• Cubic-Monoclinic:
0f1 180°, 0F90°, 0f2 90°

• Cubic-Triclinic:
0f1 360°, 0F90°, 0f2 90°

• But, these limits do not delineate a 
fundamental zone.



Orientation description III: Angle/axis

[001]/50o

[1-100]/90o



Example of Orientation

(307o, 37o, 27o) (0o, 0o, 0o)

[18,-15,-16] 45o

45o



Orientation by angle/axis rotation

sample coordinates crystal coordinates

[100]

[010]

[001]

scsc CgC 

RD

ND TD

),,( 321 rrrr 



Angle/axis of rotation

/r




















333231

232221

131211

ggg

ggg

ggg

g

 

 

 

 

 

 

 

 

  

















coscos1

sincos1

sincos1

sincos1

coscos1

sincos1

sincos1

sincos1

coscos1

2

333

12332

21331

13223

2

222

31221

23113

32112

2

111



















rg

rrrg

rrrg

rrrg

rg

rrrg

rrrg

rrrg

rg



Angle/axis of rotation






















sin2

sin2

sin2

2

1

2

1)(
cos

2112
3

1331
2

3223
1

332211

gg
r

gg
r

gg
r

ggggTr

/r


Tr(g): the trace of matrix g

gij (i, j = 1,2,3): the elements of g

The rotation is described as a 

right-handed screw operation and 

 is always positive.

A negative angle is equivalent to 

changing the sign of r.



Angle/axis of misorientation

1122 gMg 

A misorientation is calculated from the orientations 

of grain 1 and grain 2 by



Misorientation by angle/axis rotation

crystal coordinates of 

grain 2
crystal coordinates

of grain 1

[100]

[010]

[001]

1122 gMg 

),,( 321 rrrr 

[100]

[010]

[001]



Orientation & misorientation

Grain 1

Grain 2

Orientation:

Reference (sample axes)

Misorientation:

Reference (grain 1)

Grain 1

Grain 2



Example of  Misorientation

(136.4o, 50.4o, 176.4o) (271.9o, 101.4o, 110.6o)

[11-1]60o

60o



Representation of Orientation












cos

sinsin

sincos

z

y

x

r

r

r



Rodrigues vector

The Rodrigues vector R combines the angle and axis 

of rotation into a mathematical entity.











2
tan


rR
































2
tan

2
tan

2
tan

33

22

11







rR

rR

rR



Fundamental zone



Parameters of Rodrigues space



Properties of Rodrigues space

• The axis of rotation gives the direction of the R vector. Rotationa 

about the same axis of rotation lie on a straight line that passes through 

the origin.

• The angle of rotation gives the length of the R vector. Small-angle 

boundaries cluster close to the origin.

• A fiber texture lies on a straight line that in general doesn’t pass 

through the origin.

• The edges of zones in Rodrigues space are straight lines, and the faces 

of zones are planar.



Append: Symmetry in φ1 for cubic  

F

1
45o 90o 135o 180o 225o 270o 315o 360o

45o

90o

135o

180o

02 



Append: Symmetry in φ1 for cubic

F

1
45o 90o 135o 180o 225o 270o 315o 360o

45o

90o

135o

180o

452 



Append: Symmetry in φ1 for hexagonal

F

1

02 

30o 60o 90o 120o 150o 180o 210o 240o

30o

60o

90o

120o

270o 300o 330o 360o

150o

180o


